We review recent progress in the description of unpolarized transverse-momentum-dependent (TMD) gluon distributions at small x in the color glass condensate (CGC) effective theory. We discuss the origin of the non-universality of TMD gluon distributions in the TMD factorization framework and in the CGC theory and the equivalence of the two approaches in their overlapping domain of validity. We show some applications of this equivalence, including recent results on the behavior of TMD gluon distributions at small x, and on the study of gluon saturation. We discuss recent advances in the unification of the TMD evolution and the non-linear small-x evolution of gluon distributions.
Introduction
The dynamical structure of hadrons and nuclei can be studied via parton distribution functions (PDFs) which describe how their constituent particles (the partons) are distributed in one-dimensional (longitudinal) momentum at a given resolution scale. The PDFs are non-perturbative objects that one can extract from experiments, a procedure based on collinear factorization formulas which separate the parton densities from the perturbative short-distance part of the collision. Due to the universality of the parton distribution functions, they can be measured in one experiment and then used in another scattering process at a different resolution scale. The evolution equations that describe how the densities change with a change in the resolution scale can be derived within the perturbative framework of Quantum Chromodynamics (QCD) and are called the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations. [1] [2] [3] [4] For some recent sets of PDFs extracted from a global analysis of experimental data see for example Refs. [5] [6] [7] [8] The collinear factorization approach with PDFs can be used for studying the most inclusive scattering processes at high energy and when the momentum transfer in the collision is large. For less inclusive observables one can become sensitive to the transverse momenta of the partons and the three-dimensional momentum structure of the participants in the collision becomes important. The quantities that describe the structure of hadrons and nuclei in three-dimensional momentum space (in longitudinal and transverse momentum), including polarization degrees of freedom, are called transverse-momentum-dependent parton distribution functions (TMD PDFs or TMDs for short). The TMDs are also non-perturbative quantities that can be extracted from experiments with the help of TMD factorization formulas 9 and which obey QCD evolution equations (called TMD evolution) that are a generalization of the evolution equations for PDFs. [9] [10] [11] [12] [13] The TMD factorization formulas that have been derived for semi-inclusive deep-inelastic scattering (SIDIS) 14 and Drell-Yan and Z boson production in proton-proton (pp) collisions 9 have been recently used to extract the unpolarized quark TMD from a global data analysis for the first time. 15 Unlike collinear parton densities, TMD distributions are not universal, their operator definition depends on the process under consideration, [16] [17] [18] [19] [20] [21] [22] and TMD factorization with universal distributions is not always possible. The non-universality of TMDs finds its origin in the color structure of the short-distance part of the collision, it is a consequence of the fundamental properties of QCD and has attracted much scientific attention recently. The process dependence of TMDs is one of the main topics in this review.
A particularly interesting kinematic region to study TMDs and their broken universality is the small-x saturation limit, where x is the longitudinal-momentum fraction of the parton with respect to its parent hadron. At high energy, the particle content of ultra-relativistic protons and nuclei is dominated by gluons whose density increases as x decreases according to the linear Balitsky-Fadin-Kuraev-Lipatov (BFKL) evolution equations. 23, 24 At a given point in the small-x evolution, when the proton or nucleus becomes a very dense system of gluons, the rise of the gluon density becomes affected by non-linear effects which slow down its growth. [25] [26] [27] [28] [29] [30] [31] [32] An effective theory of QCD that describes the dynamics of partons in high density systems and the phenomenon of gluon saturation at small x is the Color Glass Condensate (CGC) theory. [29] [30] [31] [32] The transition between the linear and non-linear regimes in the CGC framework is characterized with a momentum scale called saturation momentum (Q s ). Because of this newly-generated intrinsic momentum scale in the problem, a proper description of the gluon dynamics naturally requires knowledge of the transverse momentum of the gluons (compared to Q s ) and of their distributions in all three momentum components. These are usually referred to as k t -dependent or unintegrated gluon distributions (UGDs). The non-universality of UGDs at small x was observed in Ref. 33 where the authors distinguished between two gluon distributions, the dipole and the Weiszäcker-Williams (WW) distribution. The process dependence of UGDs as a reason for their non-universality was realized in Refs. 34, 35 The CGC is a universal theory in the small-x saturation limit, natural for any high-energy, ultrarelativistic proton or nucleus, independent of the particular scattering process. 32 The CGC theory has been successfully applied for describing and predicting experimental data in deep-inelastic scattering (DIS), pp, proton-nucleus (pA) and nucleus-nucleus (AA) collisions, for a variety of processes and observables. Cross sections derived in the CGC theory involve products of Wilson lines averaged over the color charge distribution in the proton or the nucleus, which is a universal object independent of the particular process. Its evolution with x in the non-linear regime is given by the Jalilian-Marian-Iancu-McLerran-Weigert-LeonidovKovner (JIMWLK) renormalization group equation [36] [37] [38] [39] [40] [41] or the Balitsky-Kovchegov [42] [43] [44] [45] (BK) evolution equation.
The natural question arises whether some form of universality of the TMD distributions can be restored within the CGC theory at small x. The first step to answering this is proving equivalence between the TMD factorization approach to high-energy scatterings and the CGC theory at small x in their overlapping domain of validity. For physical situations where both formalisms can be applied, i.e. for processes at small x, such that the CGC theory is applicable, and which involve ordering of momentum scales, such that TMD factorization can be derived, they should yield the same results. To outline the physical picture, we will review a set of processes for which an explicit equivalence between the two approaches has been established. We will consider dijet production in pp and pA collisions, 34, 35, 46 dijet production in DIS, 34, 35 direct-photon jet production in pp and pA collisions 34, 35 and Higgs boson production in pp and pA collisions. [47] [48] [49] We will discuss the case of dijet production in pp and pA collisions in detail and explain the non-universality of TMDs for this particular situation. The analysis can be extended to the rest of the processes and they will be briefly reviewed.
The process of dijet production in pA collisions at forward rapidity (in the direction of the proton) is particularly interesting as it can be studied with both TMD and CGC frameworks, so it is suitable for their comparison, and in addition, it can be used to study saturation effects in the nucleus. The magnitude of the total transverse momentum (the momentum imbalance) of the jet pair, k t , probes the transverse momenta of the partons in the nucleus. When k t is much smaller than the typical transverse momentum of the individual jets, P t , i.e. in the correlation limit, the cross section can be written in a factorized form to leading order in k t /P t . The cross section involves on-shell matrix elements representing the short-distance part of the process (the 2 → 2 parton scattering), PDFs describing the proton and TMD gluon distributions describing the nucleus. 35, 50 On the other hand, the cross section for this process, in the small-x limit, can be independently derived using CGC methods without imposing restrictions on the ordering between the momentum imbalance and the momentum of the jets and it is valid for any k t values between Q s and P t . 35, 51, 52 Two jets produced in the fragmentation region of the proton probe the proton wave function at large values of x (the proton is dilute) while on the nucleus side they probe the small-x gluons (the nucleus is dense). The momentum imbalance k t probes the transverse momenta of the small-x gluons in the nucleus. For this type of asymmetric collisions one usually applies the hybrid approach 53 in which the dilute proton is described with collinear PDFs, while the opposite moving nucleus is represented by a dense gluon field. This asymmetric hybrid approach is also applicable in pp collisions when the jet production is sufficiently forward. The multiple rescatterings of the incoming partons from the proton off the gluon field in the nucleus are resummed into Wilson lines. The cross section is then expressed in terms of correlators of multi-point Wilson lines.
In order to compare the results for the cross sections derived using TMD factorization and CGC methods, one needs to apply appropriate limits on both sides and study the results in the common region of applicability of the two theories. Refs. 34, 35 showed that the small-x limit of the TMD factorized cross section is equivalent to the correlation limit (k t P t ) of the CGC result. At small x each of the gluon TMDs can be defined as an UGD in the CGC framework, i.e. as an operator of Wilson lines averaged over the distribution of color charges in the proton or nucleus. 35, 46 The CGC distribution of color charges is universal among different processes, hence in this sense restoring universality of gluon TMDs at small x.
Once the equivalence between the TMD and CGC approaches in their overlapping domain is proven, we can use CGC methods to study the properties of TMD distributions at small x. We will devote part of this review to the small-x behavior of gluon TMDs that follows from results in the CGC theory. The TMD factorization formula for forward dijet production in pA collisions for a finite number of colors (N c ) involves eight different unpolarized gluon TMDs, 50 including all that have been identified in other processes, which allows us to study the complete set of TMDs appearing in cross sections so far. We will discuss results for the gluon distributions in the Golec-Biernat-Wusthoff (GBW) model, 54 in the McLerran-Venugopalan (MV) model, 27, 28 and their JIMWLK small-x evolution. The main conclusions will be that all TMDs have the same behavior (they are universal) at large k t , while they behave differently at small k t (though the differences are under control in the CGC) and that after some evolution they become functions of k t /Q s (x) only (they reach geometric scaling). 46 We will also review recent progress made in unifying the TMD evolution and the non-linear small-x evolution of gluon TMDs. As discussed above, TMD factorization formulas can be derived when there exists an ordering of momentum scales, i.e. when k t Q with k t a soft scale and Q the hard scale relevant in the process. Because of this ordering, large contributions of the type ln 2 Q 2 /k 2 t (called Sudakov double logarithms 55 ) become important and powers of α s ln 2 Q 2 /k 2 t need to be resummed. The TMD evolution (or Collins-Soper evolution) 11 includes the resummation of these double logarithms (called Collins-SoperSterman resummation). 13 On the other hand, the small-x evolution (JIMWLK or BK) resums terms of the type α s ln 1/x. It is important to have a unified framework that resums both types of large logarithms simultaneously and consistently. The type of large logarithms that dominate would be determined by the kinematics of the particular process. We will review some recent investigations along these lines. [56] [57] [58] [59] [60] The final topic that we will address in this review is an improved TMD factorization model with an extended range of validity, which can be used to study saturation effects in forward dijet production in pA collisions and in ultra-peripheral heavy ion collisions (UPC). The TMD factorization formula for dijet production in pA collisions is valid in the correlation limit (k t P t ), it involves on-shell matrix elements and several TMD gluon distributions describing the nucleus. In the limit of large k t of the order of the hard scale (k t ∼ P t ) there exists a factorization with off-shell matrix elements and one unintegrated gluon distribution for the nucleus, called high energy factorization (HEF). 61, 62 Both of these formulas can be derived from perturbation theory, but away from their limits there is no established factorization in terms of short-distance matrix elements and long-distance parton distributions. The CGC cross section does capture both of these limits and the region in between but it is not a factorization formula in the usual sense of the word and is more complicated for phenomenological applications. Instead, one can use a model, an improved TMD factorization (ITMD) that is applicable for any value of k t between Q s and P t with off-shell matrix elements and several gluon TMDs. 50 The ITMD formula is an interpolation between the TMD and HEF cross sections and it reproduces both of them in the appropriate limits. Using the ITMD framework one can observe an onset of saturation effects in the region where k t approaches Q s in forward dijet production in pA collisions 63 and in UPC. 64 In the end, we want to point out that the review will concentrate only on unpolarized TMD gluon distributions. Significant progress along similar lines as discussed here has been achieved for polarized parton and/or hadron or nucleus (see e.g. some recent works, Refs., [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] and references therein for previous contributions).
The review is organized as follows. In section 2 we recall the origin of the non-universality of gluon TMDs in the TMD factorization approach and discuss the derivation of an effective TMD factorization for a set of processes. In section 3 we briefly review some main aspects of the CGC theory and outline the derivation of CGC cross sections. In section 4 we show the equivalence between the small-x limit of the effective TMD factorization and the correlation limit of the CGC cross section. In section 5 we discuss main properties of the WW and dipole gluon TMDs. In section 6 we review some recent results on the small-x behavior of gluon TMDs and on gluon saturation based on the ITMD framework. In section 7 we summarize recent results on the combination of the TMD evolution and non-linear small-x evolution of gluon TMDs. In section 8 we conclude with final remarks.
Effective TMD Factorization and Non-Universality of TMDs
In this section we review a set of processes for which an effective TMD factorization has been derived and the equivalence with the CGC cross section has been shown. We study dijet production in pp and pA collisions in detail to demonstrate the non-universality of gluon TMDs.
Forward dijet production in pA collisions
In the most general case of dijet production in pp (pA) collisions, it is not possible to derive a factorized form of the cross section in terms of TMD distribution functions for the protons (for the proton and the nucleus). 21, [76] [77] [78] [79] [80] [81] However, when both of the jets in pA collisions are produced at forward rapidity, such that one can neglect the transverse momentum of the partons in the proton, one can derive an effective TMD factorization formula with collinear PDFs for the proton and TMD distribution functions for the nucleus, in the back-to-back (correlation) limit. 35, 50 The same form of factorization holds for asymmetric pp collisions as well, with PDFs for the dilute, and TMDs for the dense proton. In the following, we will discuss pA collisions, having in mind that the same analysis can be also applied to pp collisions, although using a nucleus enhances the asymmetry.
We will first analyze the kinematics for inclusive production of two jets at forward rapidity in pA collisions. It is important to distinguish between different kinematic regions of the same process for which different theoretical frameworks are relevant. In particular, we will make a separation between the cases when the jets are produced almost back-to-back in the transverse plane (correlation limit) and when they are away from this scenario. As discussed in the introduction, in the first limit one can apply the TMD factorization formula, while in the second case the HEF cross section is suitable. We will show below that the CGC cross section contains both of these limits.
Kinematics for dijet production in pp and PA collisions
We are interested in the process:
where p p and p A are the four-momenta of the proton and the nucleus respectively, and p 1 and p 2 the fourmomenta of the produced jets. The process is given schematically in Fig. 1 . The incoming momenta p p and p A only have longitudinal components; the proton is moving in the +z direction and the nucleus in the −z direction. We use light-cone coordinates defined as
The four-momenta of the proton and the nucleus are p p = s/2(1, 0, 0 t ) and p A = s/2(0, 1, 0 t ) with s the center of mass energy squared of the p+A system. The rapidities of the produced jets determine the values of x that are probed in the proton and the nuclear wave functions. We denote with x 1 and x 2 the longitudinalmomentum fractions of the incoming partons from the proton and from the nucleus, respectively. Their values are given in terms of the rapidities y 1 and y 2 and the magnitudes of the transverse momenta p 1t and p 2t of the produced jets:
When the two jets are produced at forward rapidity, y 1 , y 2 1, the proton is probed at large values of x (x 1 ∼ 1), while the nucleus is probed at small x (x 2 1). Therefore, we assume that the proton is a dilute system of partons away from the region where non-linear effects are relevant, while the nucleus is a dense system of gluons with typical transverse momentum of the order of Q s where saturation effects are important. As gluons dominate in the nuclear wave function we will always consider an incoming gluon from the nucleus and calculate the partonic channels qg → qg, gg →and gg → gg.
The total transverse momentum of the produced jets is k t ≡ p 1t + p 2t and its magnitude is:
where ∆φ is the angle between the transverse momenta of the jets. The hard momenta p 1t and p 2t provide the large momentum scale, while Q s is the soft scale in the problem. With respect to the third momentum scale k t , we will consider two limits. When the jets are produced almost back-to-back (∆φ ∼ π) the momentum imbalance is small: k t p 1t , p 2t , and we will take it to be of the order of the soft scale Q s : k t ∼ Q s . Away from the back-to-back limit the total transverse momentum is large and of the order of the momenta of the jets: k t ∼ p 1t , p 2t Q s . In both of these limits we assume that the momentum imbalance of the jets comes from the transverse momentum of the gluons in the nucleus. This is justified because we can neglect the transverse momentum of the partons in the proton compared to the transverse momentum of the gluons in the nucleus. In the first limit of small k t , soft momenta are probed in the proton and nuclear wave function. In the dilute proton, the transverse momenta of the partons are of the order of Λ QCD , while the transverse momenta of the gluons in the nucleus are of order Q s . For Q s Λ QCD we can assume that the momentum imbalance of the jets 1 We will also use the notation k t ∼ Q s is acquired from the transverse momentum of the gluons in the nucleus. In the second limit when k t is hard, the momentum imbalance probes the perturbatively large transverse momenta in the proton and in the nucleus. Again, because of the asymmetry of the problem, DGLAP evolution of the proton densities implies 1/k 2 t behavior at large k t , while BFKL evolution of the nucleus implies 1/k t behavior. Because of their faster fall-off, we again neglect the transverse momenta of the partons in the proton compared to the transverse momenta of the gluons in the nucleus. We can therefore assume that the momentum imbalance of the jets comes from the transverse momenta of the gluons and we use the notation k for the four-momentum of the gluon from the nucleus, as in Fig. 1 . We are therefore not sensitive to the transverse-momentum structure of the proton and we describe it with collinear PDFs.
Non-universality of gluon TMDs
In this subsection we consider nearly back-to-back jets in the transverse plane such that there is an ordering of momentum scales, k t P t , and effective TMD factorization can be derived. In the correlation limit one can consider only the leading order in k t /P t of the cross section. In this limit the dependence on k t survives only in the TMD gluon distributions, while k t = 0 in the partonic subprocesses and the hard part is calculated with on-shell particles.
As follows from the kinematical arguments discussed above, we describe the proton with collinear PDFs, f a/p (x 1 ), which give the probabiblity of finding a parton of type a (a quark, an antiquark or a gluon) in the proton wave function with longitudinal-momentum fraction x 1 = p + /p + p at a given resolution scale. The evolution of the PDFs with the resolution scale is given by the DGLAP equations.
The calculations of the perturbative partonic scattering and the non-perturbative TMD gluon distributions of the nucleus are related as the color structure of the 2 → 2 subprocess determines the type of TMD distribution associated with it. The 2 → 2 diagrams for the channels we are considering here (qg → qg, gg →and gg → gg) are given in Figs. 2 and 3. For each of these diagrams there is a definite TMD distribution related to it. 21 The unpolarized gluon TMDs are defined as Fourier transforms of forward matrix elements of bilocal products of the gluon field strength tensor: 18, 19, 82, 83 
with x 2 the longitudinal-momentum fraction and k t the transverse momentum of the gluon. The gauge links U
[C]
[0,ξ] and U
[C ]
[ξ,0] connecting the points 0 and ξ ensure a gauge invariant definition of the TMD distributions. They are path-ordered exponentials connecting the field strength tensors along a definite integration path C that depends on the partonic subprocess:
The gauge links are constituted by Wilson lines along the light-like plus direction (given with the light-like vector n) and along the transverse directions:
One can define future pointing (U [+] ) and past pointing (U [−] ) gauge links:
and Wilson loops that are a product of U [+] and U [−] :
For the process we are considering here (dijet production in pA collisions) the path of integration of the gauge links is determined by the color flow in the 2 → 2 diagrams (the amplitude squared of the partonic subprocesses) shown in Figs. 2 and 3. An example of a 2 → 2 diagram is given in Fig. 4 . We will call the gluon from the nucleus that participates in the interaction an active gluon (the gluon in the upper part of the diagrams in Figs. 2 and 3 and the black gluon in Fig. 4) . For a gauge invariant definition of the TMD distributions, one needs to resum an arbitrary number of gluons from the nucleus that are collinear to the active gluon and that attach to the hard part (to the three partonic legs of the hard part except to the active one). These are the red gluons in Fig. 4 where the circle denotes that there are an arbitrary number of collinear gluons attaching to the hard part (not just one). The resummation of the collinear gluons results in a Wilson line for each partonic leg. These Wilson lines get entangled with the amplitude for the 2 → 2 partonic scattering and there is no clear separation between the short-distance subprocess and the long-distance non-perturbative distributions. In order for the 2 → 2 amplitude to be isolated, the Wilson lines need to be absorbed in the definition of the matrix element of the TMD distributions in the nucleus. The process of disentangling of the Wilson lines from the hard part is affected by the color structure of the particular 2 → 2 diagram and different diagrams will result in different Wilson lines from which the gauge links U [ξ,0] are formed. The paths of integration C and C are uniquely determined by the color structure of the subprocess and this is the origin of the process dependence of TMDs. 21 When the disentangling of the Wilson lines from the hard part is not possible, the full cross section involves factorization-breaking contributions.
We can now see why the cross section for dijet production in pA collisions involves several TMD gluon distributions, including distributions that have been identified in other processes. The complicated color The gauge links for all types of 2 → 2 interactions, when the incoming and outgoing particles are either quarks or gluons, were calculated in Ref. 21 For the case when only incoming gluons are considered from the nucleus side, each diagram in Figs. 2 and 3 is associated with one of the following TMD distributions (different diagrams may give rise to the same distribution):
where we used the notation [
Each of these distributions
ag is associated with a set of diagrams from Figs. 2 and 3. We then define the hard factor H (i) ag→cd , corresponding to a given F (i) ag , as the sum of the amplitudes squared of all the diagrams associated with it. The hard factors are calculated with on-shell incoming partons (the dependence on |k t | survives only in the TMD gluon distributions). The on-shell hard factors were calculated in Ref. 35 in the large-N c limit, and in Ref. 50 for a finite number of colors. We refer the reader to Ref. 50 for the explicit expressions.
We now have all the elements to write down an effective TMD factorization formula for the cross section for dijet production in pA collisions at forward rapidity in the correlation limit and for finite N c : 50
In the next section we will show that the small-x limit of the above formula coincides with the correlation limit of the CGC cross section. With a similar analysis one can derive an effective TMD factorization for the other specific examples we are reviewing here:
1. Dijet production in DIS. The TMD factorized cross section for dijet production in DIS, γ * + p/A → q +q + X, in the correlation limit, involves only the F
gg gluon distribution:
where T /L stands for a transversely/longitudinally polarized photon. The hard factors H γ * g→qq T /L can be found in Ref. 35 From the color flow of the subprocess it is easy to see why only the F
gg TMD is present in the cross section. Since only the final state carries color (the incoming photon is colorless) and there are only final state interactions between the quark-antiquark dipole and the proton/nucleus, the TMD involves only future pointing gauge links, U [+] . The distribution F (3) gg is the Weizsäcker-Williams gluon distribution and it will be discussed in more detail in sections 3 and 5. Dijet production in DIS with nuclei can be used for the extraction of the nuclear WW gluon TMD from future experimental facilities like the Electron Ion Collider (EIC) or the Large Hadron electron Collider (LHeC).
2. Photon-jet production in pp and pA collisions. The effective TMD factorization for photon-jet production, q + p/A → q + γ + X, in pp or pA collisions involves only the F
qg gluon TMD:
The hard factor H qg→qγ can be found in Ref. 35 The initial state interactions between the incoming quark and the hadron or nucleus are resummed into a past pointing gauge link U [−] , while final state interactions of the outgoing quark are resummed into a future pointing gauge link U [+] , 21 hence the appearance of F
qg in the cross section. The distribution F
qg is the dipole gluon distribution and it will be discussed in more detail in section 5. Besides photon-jet production, it also appears in DIS, SIDIS, Drell-Yan production, and photon, di-photon and hadron production in pp and pA collisions.
3. Higgs boson production in pp and pA collisions. The cross section for Higgs boson production from gluon fusion, g + p/A → H + X, in pp and pA collisions, in the hybrid approach, is: [47] [48] [49] 
where the hard part σ 0 is the leading-order cross section for scalar-particle production from two gluons. The TMD factorized cross section is valid for p H M , where p H and M are the transverse momentum and the mass of the Higgs particle, respectively. In this process there are only initial state interactions of the incoming gluon with the proton or nucleus which are resummed in past pointing gauge links U [−] , hence the appearance of the F (4) gg TMD. The F (4) gg distribution will be discussed in more detail in section 5.
CGC Cross Section and Universality of the CGC Weight Functional
The CGC is an effective theory of QCD which describes the dynamics of partons in an ultra-relativistic proton or nucleus in the high gluon density regime. [29] [30] [31] [32] When a proton or a nucleus is boosted to large momentum, its wave function is dominated by gluons with small values of x and large enough lifetimes (because of time dilation) to be accessible by an external probe. If the energy of the nucleus is increased (if it is boosted to higher momentum) more gluons with smaller values of x live long enough to be seen by the same external probe, i.e. as the energy increases, the density of gluons increases as well. In the CGC theory the fast degrees of freedom (partons with longitudinal momenta k − > Λ − where Λ − is some momentum scale) are separated from the slow degrees of freedom (small-x gluons with longitudinal momenta k − < Λ − ). The change in the physics with a change in the separation scale Λ − is governed by the JIMWLK renormalization group equation. [36] [37] [38] [39] [40] [41] The JIMWLK evolution equation is a non-linear equation which takes into account high-density effects that slow down the growth of the number of gluons with decreasing x. This saturation of gluon densities at high energy is characterized by the saturation momentum scale Q s which defines the transition between the linear and non-linear regimes. The saturation scale increases as x decreases (as the hadron or nucleus is boosted to higher energy) and is larger for a nucleus than for a proton, Q 2 s ∼ A 1/3 /x 0.3 , with A the nuclear mass number. In collisions that involve an ultra-relativistic proton or nucleus, the saturation scale is larger than the QCD scale, Q 2 s Λ QCD , and determines the value of the running coupling constant, which is small in this regime, α s (Q 2 s ) 1. The smallness of the coupling constant allows for a perturbative calculation of observables.
The initial condition for the JIMWLK evolution at some starting scale Λ − 0 is usually taken from the MV model. 27, 28 The MV model is valid when quantum evolution effects are not large, but x is sufficiently small such that the high-density regime is probed. Because of the high occupation number of color charges, the gluon field is treated as a classical field. The partons with k − > Λ the number density of gluons in the hadronic or nuclear wave function. 84, 85 The WW distribution is peaked around the saturation scale, so most gluons have transverse momenta k t ≈ Q s . When integrated over k t , the number of gluons is finite, i.e. its rise is not infinite, but saturated.
The calculation of observables can be done first in the MV model, at the classical level, where one takes into account high-density effects and resums terms of the type α 
Quantum corrections to the MV model are then introduced through the evolution of the distribution W 
where H JIM W LK is the JIMWLK Hamiltonian. [36] [37] [38] [39] [40] [41] The CGC theory is universal in the sense that it can be applied to both hadrons and nuclei when the density of color charges in the wave function is sufficiently large. A proton with A = 1 can be considered a dense system of gluons where saturation effects are important when it is boosted to large enough energy Figure 5 : Amplitudes for the three splitting channels, q → qg, g →and g → gg, for dijet production in the CGC theory. The vertical bar represents the Lorentz contracted nucleus (the shockwave).
(or small enough x). For a nucleus, the onset of saturation effects happens faster as the saturation scale squared is enhanced by A 1/3 .
Another universality property of the CGC is that the wave functional W Λ − [ρ] and its evolution with energy are independent of the process considered. The same form of W Λ − [ρ], with the same types of logarithms of energy resummed in its evolution, describes an ultra-relativistic proton or nucleus before the collision in any process, i.e. in DIS, pp, pA or AA collisions. Information about the CGC wave function extracted from one process can be applied to another. We will show below how this universality can be transferred to gluon TMDs at small x.
Forward dijet production in pA collisions
In this subsection we outline the main points of the calculation of the CGC cross section for dijet production in pA collisions. The kinematics that was described in subsection 2.1.1 applies here as well with two differences. First, the CGC theory can be applied for any value of the momentum imbalance k t of the produced jets, so we consider any k t between Q s and p 1t , p 2t , and second, we assume that the values of x 2 that are probed in the nucleus are small enough such that we can apply the CGC theory. We again assume that the proton is dilute and described by PDFs, f a/p (x 1 ), in the hybrid approach.
An incoming parton (a quark or a gluon) from the proton scatters off the dense gluon field in the nucleus. In the eikonal approximation, and in a covariant gauge, the multiple rescatterings of the incoming parton off the gluons can be resummed into a Wilson line running on the light cone from minus infinity to plus infinity. For an incoming quark the scattering is represented with a fundamental Wilson line, U , while for an incoming gluon with an adjoint Wilson line, V :
where t a and T a are the generators of the fundamental and adjoint representation of SU (N ), respectively. The two jets in the final state are produced by the splitting of the incoming parton into two outgoing particles. We are working in a frame where the nucleus is ultra-relativistic and Lorentz contracted (sometimes referred to as a shockwave) and we consider splittings that happen either before or after the scattering off the nucleus, as splittings in the nucleus are suppressed by at least one power of the inverse center of mass energy. 86 We consider three types of splittings, q → qg, g →and g → gg, which correspond to the 2 → 2 scattering diagrams in the TMD factorization case. The amplitudes are schematically given in Fig. 5 . The cross section is a convolution of light cone wave functions, describing the splitting of one parton into two, and correlators of Wilson lines, describing the scattering of the partons off the shockwave. The cross section for the q → qg case shown in Fig. 5a in the A + = 0 gauge is: 51
where C F is the Casimir of the fundamental representation. The transverse coordinates of the outgoing gluon (quark) in the amplitude and the complex conjugate amplitude are x and x (y and y ) respectively. We used the notation u = x − y for the transverse size of the quark-gluon dipole in the amplitude and v = zx + (1 − z)y for the transverse position of the incoming quark in the amplitude, where z = p + 1 /p + is the longitudinal momentum fraction of the outgoing gluon with respect to the incoming quark. Similar notations hold for the complex conjugate amplitude. The function φ λ αβ (p, p + 1 , u) is the light cone wave function for a quark (with spin α) splitting into a quark (with spin β) and a gluon (with polarization λ), which can be calculated in light cone perturbation theory.
The correlators S (i) describe the scattering of the partons off the shockwave. When the splitting q → qg happens before the scattering off the nucleus in both amplitude (M) and complex conjugate amplitude (M * ), the correlator S 
The averages in the above correlators are performed over all possible configurations of color sources in the CGC wave function of the nucleus at a given value of x 2 . They can be calculated in a model, for example with a Gaussian distribution W[ρ] ∼ exp[−ρ 2 /µ 2 ] as in the MV model, at some initial x 0 . As a final step, their evolution towards small x can be studied with the JIMWLK evolution equations. We emphasize that the cross section involves correlators of Wilson lines at four different transverse coordinates. Similar cross sections can be derived for the other two types of splittings g →and g → gg. 35, 52 With a similar analysis one can derive CGC cross sections for the other specific examples we are reviewing here:
1. Dijet production in DIS. The cross section for dijet production in DIS in the CGC theory is:
where e q is the electrical charge of the quark. The function φ λ αβ (p, p + 1 , u) is now the light cone wave function for a photon splitting into a quark-antiquark pair. The transverse coordinates have the same meaning as in the cross section for dijet production in pA collisions. The correlator S (4) qgqg (x, y, x , y ) describes the scattering of thedipole in the amplitude and complex conjugate amplitude. The term equal to one in the curly brackets describes the passing of the photon through the nucleus with no interactions in M and M * . The interference terms are given by the S (2) correlators.
2. Photon-jet production in pp and pA collisions. The cross section for direct photon-jet production in the CGC theory is: 35, 87
Now, the function φ λ αβ (p, p + 1 , u) is the light cone wave function for a q → qγ splitting. The transverse coordinates have the same meaning as in the cross section for dijet production in pA collisions. The correlator S (2)(y, y ) describes the scattering of the outgoing quark in the amplitude and complex conjugate amplitude, while the correlator S 
where σ 0 = g 2 Φ / 4g 2 (N 2 c − 1)(1 − ) with g Φ the effective Higgs coupling to the gluon field and dimensional regularization parameter.
Equivalence Between the TMD Factorization and the CGC Cross Section
In this section we will discuss the equivalence between the effective TMD factorization formulas from section 2 and the CGC expressions from section 3 in their overlapping domain of validity. As before, we consider dijet production in pA collisions in detail and then extend the conclusions to the other processes. As discussed in the introduction, there exists a particular kinematic region for dijet production in pA collisions where the two independent frameworks of TMD factorization and the CGC effective theory are valid and should yield the same results. In the first subsection we will consider the small-x limit of the TMD factorization formula (10), while in the second subsection we will discuss the correlation limit of the CGC cross section (17) . At the end, we will explain the equivalence between the two theories.
Small-x limit of gluon TMDs
Taking the small-x limit of the TMD cross section (10) amounts to taking the small-x limit of the TMD gluon distributions F (i) ag . We start with the definition (4), with the hadronic/nuclear state with momentum
, and we use translational invariance to write:
where we defined F i− x ≡ F i− (x). In the small-x limit we replace the average over the state p A with an average over the CGC wave function of an ultra-relativistic proton or nucleus at the longitudinal-momentum fraction x A , which is the smallest longitudinal-momentum fraction probed, determined by the kinematics of the process, i.e.
The normalization factor used for this replacement will be evident below when it will lead to a complete agreement with the CGC cross section. When we consider the JIMWLK evolution of the TMDs in the next section, we will set x A = x 2 . In order to be able to perform the integration over x + and y + we set exp[ix 2 p − A (x + − y + )] = 1 in the small-x 2 limit. This will also allow us to study the JIMWLK evolution of all the TMDs we have encountered before. Evolution equations that are valid for any value of x have been derived in Ref. 58 for F (3) gg and in Ref. 59 for F (4) gg ; it is not known how to solve them however. We comment on those equations later in the review. Here, we want to study and compare the JIMWLK evolution of all the TMDs, so we set exp[ix 2 p − A (x + − y + )] = 1 and rewrite the TMDs from Eq. (9) in the A + = 0 gauge as: 46
where we used for the derivative of a Wilson line in the A + = 0 gauge:
The expressions for the TMDs are simplest in the A + = 0 gauge where transverse Wilson lines are unity. For a gauge invariant derivation of F (1) qg see e.g. Ref. 68 Note that the fundamental Wilson lines U x run from minus infinity to plus infinity, as given in Eq. (16) . Using (24) in Eqs. (10), (11), (12) and (13) in section 2 we obtain the small-x limit of the cross sections for dijet production in pp and pA collisions and in DIS, photon-jet production in pp and pA collisions and Higgs production in pp and pA collisions.
Correlation limit of the CGC cross section
We study the correlation limit of the CGC cross section for the q → qg channel (the same conclusions can be drawn from the other two cases). The large transverse momenta of the final jets can come from two mechanisms. First, the quark can split into a quark and a gluon with large transverse momenta already in the incoming wave function, such that the hard momenta of the final jets come from the splitting itself. Second, if the incoming quark splits into a quark and a gluon with small transverse momenta, they both need to receive large momentum transfer from the nucleus in order to produce two hard jets in the final state. It was shown in Ref. 88 that the first mechanism dominates the cross section and thus we focus the discussion on this case only. After the splitting, the quark and the gluon can both exchange soft momenta with the gluons in the nucleus and they will propagate almost back-to-back in the plane transverse to the collision axis. The transverse momentum imbalance of the jets in this case is small and is sensitive to the transverse momenta of the small-x gluons in the nucleus. This corresponds to the correlation limit. (The case when only one of the outgoing particles scatters off the nucleus with a large momentum exchange will be analyzed in subsection 6.4.) In this picture, the momentum of the jets is conjugate to the transverse size of the outgoing quark-gluon dipole. As the momentum of the jets is the hard scale in the process (with the other momentum scales being softer), the correlation limit corresponds to small dipole sizes compared to the other transverse distances in the problem. The correlation limit of the CGC cross section is then obtained by expanding Eq. (17) for small |u| and |u |. To leading order in |u| and |u | the correlators in Eq. (18) 24). After performing the integrals over |u| and |u | one can show that to leading order in |u| and |u | the cross section in the CGC theory (Eq. (17) plus the cross sections for the other two channels) coincides completely with the TMD factorization formula (10) with the TMDs at small x in Eq. (24) . We conclude that the CGC theory contains the TMD factorization result as a leading power in the inverse hard scale and that gluon TMDs at small x can be identified with UGDs in the CGC theory.
For the other processes discussed in section 2 the analysis goes along the same lines. For the cases of dijet production in DIS and jet-photon production in pp and pA collisions, when the momentum imbalance of the final state particles is much smaller than their transverse momenta, the correlators in the CGC expressions simplify and, to leading order in the hard scale, the cross sections reduce to the corresponding TMD factorization formulas. For the case of Higgs boson production in pp and pA collisions, the CGC cross section, in the hybrid approach, was calculated in Ref. 49 and it was found that it involves a correlator of the gluon field strength tensor with past pointing Wilson lines, i.e. it was concluded that the cross section is the same as the TMD factorization result involving F (4) gg . This is in agreement with the result (21) from Ref. 57 
gg (see section 5). For similar analysis for SIDIS in electron-proton or electron-nucleus collisions see e.g. Ref. 89 The correlation limit of the CGC cross section can be derived for other processes as well, and the final result can be written in a factorized form with hard factors and gluon TMDs as CGC averages. For instance, Ref. 90 derived the correlation limit of the CGC cross section for quark-antiquark pair production in hadronhadron collisions and an agreement with the TMD factorization approach was found, Ref. 91 derived the correlation limit for photon-jet production at central rapidites from the partonic subprocess g → qqγ and Ref. 92 derived the correlation limit for dijet production in pA collisions accompanied with an extra soft photon in the final state. The TMDs that appear in these cases are linear combinations of the TMDs in Eq. (24) . Because of the universality of the CGC theory, conclusions about gluon TMDs extracted from one process can be applied to other processes as well.
WW and Dipole Gluon TMDs
The WW and dipole distributions are usually referred to as the two fundamental distributions in the CGC. One reason for this is that the WW distribution can be related to a bilocal product of the gauge field in the light cone gauge and is the proper number density of gluons in the hadronic or nuclear wave function, while the dipole distribution is the one that appears in most CGC cross sections. The second reason is that in the large N c limit the distributions F
gg and F (6) gg can be written as convolutions of the two fundamental ones. 35 Finally, until now, only the WW and dipole distributions are known to appear individually in cross sections, such that they can be disentangled from the other TMDs and can be extracted from experiments.
The WW distribution (frequently called xG (1) or f
) in the TMD language is defined as:
while at small x, in a covariant gauge, it is:
It behaves as ∼ Q 2 s /k 2 t at large k t , k t Q s , and as ∼ ln Q 2 s /k 2 t at small k t . It has been proposed that the WW gluon distribution can be observed in quark-antiquark jet correlations in DIS. 35 The other gluon distributions that we have defined, do not have a number density interpretation. They result from the requirement of a factorized form of the cross section and they are not parton distributions in the real sense. Nevertheless, they can provide valuable information on saturation effects in high-energy collisions. In fact, the dipole gluon distribution (frequently called xG (2) or f
) is the one that appears in most of the observables in high-energy scatterings. It is related to the S-matrix for a quark-antiquark dipole scattering off the CGC field of a proton or a nucleus in DIS and in the TMD language it is defined as:
while at small x it is related to a gauge invariant Wilson loop: 68
In a covariant gauge the transverse Wilson lines in the loop operator are unity and the dipole distribution reduces to the form in Eq. (24) . It behaves the same as the WW distribution at large k t , ∼ Q 2 s /k 2 t , while at small k t it behaves as ∼ k 2 t . In the small-x limit the TMD with two past-pointing gauge links, F (4) gg , reduces to the WW distribution as well, however, in the most general case F (3) gg and F (4) gg are not the same and they obey different evolution equations. 58, 59 A selection of processes that probe the WW and the dipole (denoted with DP) TMDs is given in Table 1 . 93 
Results from the Connection Between the TMD Formalism and the CGC
In this section we review some recent results based on the equivalence between the TMD formalism and the CGC theory. Using the definitions of the TMDs in terms of CGC correlators of Wilson lines from Eq. 24 one can draw conclusions about their behavior at small x. We will present results for the TMDs in the GBW and MV models and their JIMWLK evolution. Finally, we will present an improved TMD factorization formula for dijet production that can be used for studying the onset of saturation effects in pA collisions and in UPC.
Gluon TMDs in the GBW model
The GBW model 54 is a phenomenological model for the dipole distribution that describes DIS data (in electron-proton collisions) at small x and for moderate values of the photon virtuality. It gives an expression for F
qg at some fixed x 0 , usually x 0 < 0.01:
where S ⊥ is the transverse area of the proton. The advantage of the GBW model is that one can derive analytical expressions for the distributions F
gg , F
gg and F (6) gg , based on their relation to the dipole distribution in the large N c limit. 34, 35, 63 The expressions are: 63
The exponential integral function is Ei(x) ≡ ∞ x dt e −t /t, and F
gg in the GBW model. The behavior of the TMDs that follows from the GBW analytical expressions is plotted in Fig. 6 using Q s = 0.88 GeV at x = 10 −4 . 63 The disadvantage of the GBW model is that it does not capture the right behavior of the TMDs at large k t for k t Q s .
Gluon TMDs in the MV model
The right perturbative behavior of the TMDs at large k t can be obtained in the MV model. The MV model result for the dipole distribution is also independent of x, it is usually taken at x 0 = 0.01 and serves as an initial condition for the small-x evolution. In the Gaussian approximation, where the color field correlations are local, ρ x ρ y ∼ δ (2) (x − y), the dipole distribution is:
where Λ is an infrared cutoff. The WW distribution is: where C A is the Casimir of the adjoint representaion of SU (N ). The large k t behavior of the distributions can be obtained by expanding the exponential under the integral for small |x − y|. From this result one can derive the large k t behavior for some of the other TMDs in the large N c limit and obtain: 63
qg , F
In the MV model F
gg . We see that all the gluon TMDs behave as
gg which vanishes to this order. The behavior of the TMDs in the MV model for any value of k t can be obtained numerically. Results from a lattice calculation of gluon TMDs in the MV model are given in Fig. 7 which confirms the asymptotic behavior derived analytically (the value of y = 0 corresponds to the initial value x 0 ). In the limit of high-transverse momentum, the probe most probably resolves only one gluon in the hadronic or nuclear wave function with which it exchanges a large momentum. In this case, the gauge links in the TMD definitions drop out and all the TMDs fall on one universal curve.
JIMWLK evolution of gluon TMDs
The JIMWLK evolution equation has been solved numerically [94] [95] [96] [97] and it has been used to study the behavior of the dipole and WW TMDs (see e.g. Ref. 98 for the WW TMD). Using the MV model as an initial condition (Fig. 7) , one can obtain the evolution of the TMDs for smaller values of x by solving the JIMWLK equation on the lattice. Here, we present results from Ref. 46 in order to compare the behavior of all the TMDs defined above. The results are given in Fig. 8 for two different steps of the small-x evolution (the lower plot corresponds to smaller x). The small-x evolution of F (4) gg with the MV initial condition is identical to the small-x evolution of F (3) gg . From the top plot in Fig. 8 we see that the universal behavior of the TMDs at high k t , that is observed in the MV model, is preserved by the small-x evolution: all the TMDs fall on the same curve again, with the difference that the fall-off changes from 1/k 2 t in the MV model to a less steep power 1/k 2γ t with γ < 1, and it happens for larger values of k t . The behavior at small k t (in the saturation regime) is best seen in the lower plot of Fig. 8 for even smaller values of x. The TMDs at low k t behave differently, but the differences are under control in the CGC theory. These results for the evolution of the TMDs can be used in cross sections for other processes where they appear.
Finally, from the small-x evolution one can observe geometric scaling 99 for all TMDs, i.e. after some evolution the TMDs depend on k t /Q s (x 2 ) only, as opposed to k t and x 2 separately. 46 The geometric scaling of the TMDs is to be expected from the arguments presented in Ref., 100 and it was conjectured to hold for the WW distribution in Ref. 101 The geometric scaling from JIMWLK evolution was studied in Ref. 102 for the dipole distribution, and in Ref. 98 for the WW distribution, while Ref. 46 observed geometric scaling for all the TMDs.
Saturation effects from an improved TMD factorization
In this last subsection we will discuss some applications of the TMD factorization framework to studying saturation effects in high-energy collisions. Measurements of forward di-hadron production in deuteron-gold (d+Au) collisions at the Relativistic Heavy Ion Collider (RHIC) 103, 104 can be successfully explained by calculations in the CGC theory, 51, 105-107 which can be considered as a form of evidence of the saturation of gluon densities. 2 At the Large Hadron Collider (LHC) one can study the same process while taking into account the large transverse momenta of the final state partons, which provide a hard scale in the problem, much larger than the saturation scale. When the jets propagate almost back-to-back in the transverse plane, their momentum imbalance is sensitive to saturation effects in the nucleus. Instead of the full CGC cross section one can therefore use its correlation limit, i.e. the TMD factorized form which is valid when the momenta are ordered, Q s ∼ k t P t . Ref. 106 studied di-hadron correlations in d+Au collisions using the effective TMD factorization formula derived in Ref. 35 in the large N c limit, while Ref. 110 studied di-hadron correlations in DIS with a nucleus in the correlation limit using Eq. 11. These formulas, however, only capture correctly the small-k t region, for k t P t . The limit of large k t of the order of the hard scale P t , k t ∼ P t , is the region where the HEF framework is applicable. 61, 62 The HEF formula for forward dijet production in pA collisions involves collinear PDFs describing the proton, off-shell matrix elements describing the hard part and one unintegated gluon distribution describing the nucleus in the small x regime. Unlike in the TMD formalism, in the HEF cross section the k t dependence survives in the matrix elements and they are calculated with an off-shell gluon from the nucleus. The HEF formula has been used to study saturation effects in the nucleus in Refs. [111] [112] [113] [114] Similarly to TMD factorization, HEF is also contained in the CGC cross section, now as its dilute limit. Even though the CGC theory is constructed for the saturation region, it captures the correct perturbative limit outside of the saturation region and it can be applied for dilute systems, provided that the small-x limit is considered.
The dilute limit of the CGC corresponds to the large k t limit, k t Q s . Physically, the rescatterings of the incoming partons off the gluons in the hadronic or nuclear wave function, in this limit, are reduced to one hard scattering off one gluon, as discussed above for the large k t behavior of the TMDs in the MV model. In this single scattering approximation, the Wilson lines in the correlators in the CGC amplitude squared can be expanded to second order in the background field (two-gluon exchange). The cross section in this limit involves only the dipole distribution. 50, 52 It can be shown that the dilute limit of the CGC cross section for forward dijet production is equivalent to the HEF formula and a relation between the dipole distribution and the unintegrated distribution in HEF can be established. 50 The dipole distribution in the dilute approximation is not sensitive to non-linear effects and evolves according to the BFKL equation. The dilute limit has been considered for other processes in pA collisions as well, e.g. for forward jet production, 115 Higgs production, 49 inclusive photon production at next-to-leading order 116 and dijet plus photon production. 92 The full CGC cross section captures correctly both limits of k t ∼ Q s and k t ∼ P t , and the region in between, but a factorized formula is more amenable for phenomenological applications. It is therefore preferable to have a factorization that can describe the whole region of k t values such that one can observe the onset of saturation, i.e. the transition from large k t , where saturation effects are negligible, to the region of k t ∼ Q s , where saturation effects are most pronounced. This can be achieved with a model, called ITMD, which is a generalization of the effective TMD factorization in section 2, now with off-shell matrix elements, and which interpolates between the TMD cross section at small k t and the HEF cross section at large k t . 50 In the appropriate limits the ITMD formula reduces to the TMD or HEF factorizations.
Ref. 63 used an ITMD factorization with five gluon TMDs (in the large N c limit) describing the nucleus to study saturation effects in forward dijet production in pA collisions. Ref. 64 used an ITMD factorization which involved only the WW gluon TMD to study saturation effects in forward dijet production in ultraperipheral heavy ion collisions (UPC) from a photon initiated process, γ + A → 2jet + X, and used a model to estimate the effects of the Sudakov logarithms (see the next section). We show the results for the nuclear modification factors from these works in Fig. 9 .
The nuclear modification factor, defined as:
with A = 208 for the lead nucleus, as a function of the angle ∆φ between the final jets, from Ref., 63 is shown in the left plot in Fig. 9 . The nuclear modification factor, defined as:
with the same A = 208, as a function of the angle ∆φ between the final jets, from Ref., 64 is shown in the right plot in Fig. 9 . 3 If saturation effects are not present the nuclear modification factor should be equal to one. From the plots in Fig. 9 one can observe an onset of gluon saturation around ∆φ = π, i.e. in the correlation limit when the jets are almost back-to-back. Away from this region, when the momentum imbalance is large, the process is not sensitive to the non-linear effects in the nucleus, and the value of the nuclear modification factor is close to one. The phenomenological applications of the ITMD approach discussed here do not incorporate contributions from Sudakov double logarithms or use a model for the Sudakov resummation. The Sudakov logarithms are important for reliable phenomenological predictions and we discuss their implementation in the next section.
7 Unifying the TMD evolution and the non-linear small-x evolution
In this section we review some recent results on unifying the TMD evolution, obtained by resumming large Sudakov logarithms, with the non-linear small-x evolution of gluon TMDs. 4 TMD factorization formulas are derived for processes where there exists ordering of momentum scales. In the previous sections we discussed the correlation limit for different cases, for example, for the limit of small momentum imbalance of two jets produced in pA collisions compared to their individual transverse momenta, k t P t . The cross sections for these kind of processes receive large contributions from Sudakov double logarithms, ln 2 Q 2 /k 2 t , and thus terms of the type α s ln 2 Q 2 /k 2 t need to be resummed to all orders. This is achieved by the Collins-SoperSterman resummation. 13 In order to have a reliable theory at small x and in the correlation limit one needs to consistently resum small-x logarithms, α s ln 1/x, and Sudakov double logarithms, α s ln 2 Q 2 /k 2 t , in parallel.
The Sudakov double logarithms, at the level of the cross section, were resummed in the saturation framework in Refs. 56, 57 for various processes from one loop calculations. 5 The results can be summarized schematically as:
4 For the combined evolution of the quark TMD see Ref. where P t is the hard and k t the soft scale, and R ≡ x − y. The hard perturbative part is denoted with H. The correlators of Wilson lines that define the unintegrated gluon distributions for the nucleus are denoted with W x 2 . The small-x logarithms are resummed through JIMWLK or BK evolution equations of W x 2 . The Sudakov double logarithms are resummed in the exponential of the Sudakov factor:
where c 0 is a parameter of order one, and C is a coefficient that needs to be calculated for each process individually and is determined by the color structure of the particular process. The Sudakov factors for Higgs boson production in pA collisions, heavy quark pair production and dijet production in DIS, jet-photon production and dijet production in pA collisions were calculated in Ref. 57 The Sudakov resummation and the small-x evolution were combined, for instance, in Ref. 118 to interpret the data for forward J/Ψ and Υ productions at the LHC. The results from Ref. 57 were used in Ref. 92 to estimate the effects of the Sudakov logarithms in the process of dijet plus soft photon production in pA collisions and it was found that they may wash away the effects of saturation, but not completely. The TMD evolution and the small-x evolution of the TMDs with future pointing gauge links, F
gg , and past pointing gauge links, F (4) gg , were discussed in Ref. 58 and Ref., 59 respectively, where the authors derived evolution equations valid for any x and any k t . We refer the reader to those references for the full expressions of the evolution equations. We point out that the full evolution equations for F (3) gg and F (4) gg are different. In the appropriate limits the equations reduce to known results. In the small-x limit both of the evolution equations are the same and coincide with the small-x nonlinear evolution equation for the WW distribution. 101 For moderate x values, but small k 2 t s, the evolution equations reduce to a linear evolution equation of the Sudakov type with resummed Sudakov double logarithms.
In Ref. 60 the authors resummed the small-x and Sudakov logarithms simultaneously for the WW (F
gg ) and dipole (F (1) qg ) distributions, in the small-x region. Their procedure is similar to the resummation performed at the level of the cross section in Refs., 56, 57 but with the difference that now both resummations are done at the level of the TMDs, without considering a particular scattering process. The results can be applied to any process where the dipole and WW TMDs appear. We refer the reader to Ref. 60 for the explicit expressions.
Conclusions
In this contribution we reviewed some aspects of two independent frameworks to describe high-energy scatterings, namely the TMD factorization approach and the CGC effective field theory, focusing the discussion on their common region of applicability at small x and on some recent results on gluon saturation based on their connection. In particular, we recalled the origin of non-universality of gluon TMDs in the two frameworks and we discussed how some universal properties can be recovered in the CGC theory. The non-universality of gluon TMDs is the result of their process dependence; different types of color interactions (initial, final or both) present in different processes determine the gauge link structure of the TMDs, making them gauge invariant. Understanding the process dependence of TMDs is important for determining which distribution is being extracted from a particular process and for making an exact connection between experiments which probe different TMDs.
Measurements of TMDs provide information on the three-dimensional momentum structure of the proton or nucleus, and at small x also on the phenomenon of gluon saturation. Extractions of gluon TMDs from a global data analysis is desirable in the future. The WW gluon TMD is the proper number density of gluons in the hadronic or nuclear wave function and it was proposed recently that it can be measured in dijet production in DIS. It was later identified in other processes as well (see Table 1 ). Such measurements can be performed at the planned EIC and direct information on gluon saturation can be obtained. In the saturation framework, the dipole gluon distribution of the proton is the one that is the most constrained by DIS data from the Hadron-Electron Ring Accelerator (HERA), and has been used, for instance, in both single inclusive hadron production and photon-jet correlations in pp and pA collisions. The future EIC is needed for a measurement of the nuclear dipole TMD and for an extraction of the nuclear saturation scale. More complicated processes involve both fundamental distributions along with other TMDs. We reviewed the process of dijet production in pA collisions which involves eight different gauge link structures and which can be used to study the onset of gluon saturation at the LHC.
The process dependence of TMDs is a consequence of the gauge invariance of QCD that can be traced explicitly, and in that way tested in the connection between experiments. In the opposite direction, the process dependence of TMDs can be used as a test of the computational frameworks applied to a particular case. Processes with the same color structure of the hard part should involve the same gluon TMDs. For example, the full CGC cross section for dijet plus photon production in pA collisions involves the same gluon TMDs in the correlation limit as the CGC cross section for dijet production in pA collisions, confirming the accuracy of the former one.
We also reviewed the connection between the CGC theory and the TMD and HEF frameworks. The main conclusion is that, at small x, the CGC theory captures both of these factorization formalisms. When an ordering of momentum scales is imposed, the full CGC cross section reduces to a TMD factorized form, while when the dilute limit is considered, the full CGC cross section reduces to the HEF form. Based on this connection one can study the properties of gluon TMDs at small x using saturation models and their JIMWLK evolution. In addition, one can study saturation effects in high-energy collisions with a model formula (ITMD) that interpolates between the TMD and HEF limits, instead of the more complicated CGC cross section. We discussed results based on the ITMD framework for dijet production in pA collisions and in UPC; similar investigations can be performed for other processes in the future.
One of the main lines of research at the moment is unifying the TMD evolution with the non-linear smallx evolution. We reviewed some recent progress along these lines, which is mainly focused on the WW and dipole gluon distribution. For improved phenomenological studies of saturation effects the implementation of Sudakov resummation needs to be extended to the other TMDs as well.
In summary, a combined framework of CGC theory and TMD factorization can provide us with a better understanding of the three-dimensional momentum structure of protons and nuclei, of the phenomenon of gluon saturation at small x and of QCD properties of high-energy collisions in general.
